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Abstract
We give sharp upper estimates for the difference circumradius minus inradius and for the angle between the
radial vector (respect to the center of an inball) and the normal to the boundary of a compact h,λ-convex domain in
the Hadamard manifold. We apply these estimates to get the limit at the infinity for the quotients Volume/Area and
(Total k-mean curvature)/Area of a family of h,λ-convex domains which expand over the whole space.  2002
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1. Introduction
Convex hypersurfaces in Euclidean space have nice properties The survey about convex sets in
Riemannian manifolds had been written by Burago and Zalgaller [6]. But convex hypersurfaces have
complicate topological structure in general Riemannian space. A.D. Alexandrov researched convex
surfaces in Lobachevsky space [1]. If we take any compact set on the ideal boundary of Lobachevsky
space Hn+1 and the boundary of the convex hull of this set will be homeomorphic to the sphere Sn without
this compact set.
From this reason we have to take more strong condition for convex hypersurfaces. We will research h
and λ-convex hypersurfaces in complete simply connected Riemannian manifold with sectional curvature
K  0, which called Hadamard manifold.
In this paper we shall deal with (n + 1)-dimensional pinched Hadamard manifold, this means the
sectional curvature K satisfies the relation −k22 K −k21 with 0 k1  k2.
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Definition 1. A C2 hypersurface N ⊂M such that in every point all the normal curvatures are greater
or equal than a non-negative λ is called a regular λ-convex hypersurface. When N is the boundary of a
domain Ω it is said that Ω is a regular λ-convex domain when its normal curvature with respect to the
inward normal direction is greater than λ.
This definition can be generalized to the non-regular case.
Definition 2. A λ-convex hypersurface is a locally convex hypersurface N ⊂M such that for every point
P there is a regular λ-convex hypersurface S leaving a neighborhood of P in N in the convex side of S.
A domain Ω of M is λ-convex if its boundary is a λ-convex hypersurface.
Remark 1. It can be seen that a 0-convex hypersurface is an ordinary locally convex hypersurface and a
0-convex domain is an ordinary convex domain. Also note that λ-convex implies 0-convex.
We shall need the fact, proved for instance in [7], that if (M,g) is a Hadamard manifold with sectional
curvature K satisfying −k22  K  −k21 then the normal curvature kn in any direction of a geodesic
sphere of radius r satisfies
(1)k1 coth(k1r) kn  k2 coth(k2r).
Note that the value k coth(kr) is the geodesic curvature of a circumference of radius r in Lobachevsky
plane of curvature −k2.
Remark 2. Since k1  k1 coth(k1r) kn we deduce that for every λ k1, geodesic spheres are λ-convex
hypersurfaces. Notice also that, if Ω is a λ-convex set with λ > k2 then every inscribed ball B(r) must
satisfy that r  (1/k2) arctanh(k2/λ). Indeed there are points in ∂Ω such that the normal curvature is
less or equal than the curvature of ∂B(r), therefore λ k2 coth(k2r) and the inequality for r follows. We
conclude that λ-convex sets of any radius exists only if λ k2.
Definition 3. An horosphere in a Hadamard manifold is the limit of a geodesic sphere as the radius tends
to infinity.
Given a point P and a complete geodesic ray γ starting on P , the limit of the sequence of geodesic
spheres centered in γ (t) and passing by P when t tends to infinity is an horosphere. Using (1) we see
that horospheres have normal curvature between k1 and k2 when the sectional curvature K of ambient
space satisfies −k22 K −k21 .
Definition 4. A locally convex hypersurface N of a Hadamard manifold is said to be h-convex if every
point has a locally supporting horosphere.
Remark 3. This means that for every x in N there is an horosphere H such that x belongs to H and N
is locally contained in the convex side defined by H . A convex domain Ω is h-convex if its boundary is
an h-convex hypersurface. Note also that every λ-convex domain with λ k2 is h-convex.
We say that a family of sets {Ω(t)}t∈R+ in M expands over the whole space (e.o.w.s. in abreviated
notation) if for any x ∈M there is a t0 ∈ R such that, for every t > t0, x ∈Ω(t).
A.A. Borisenko / Differential Geometry and its Applications 17 (2002) 111–121 113
Given any set Ω ⊂M , an inscribed ball (inball for short) is a ball in M contained in Ω with maximum
radius. Its radius is called the inradius of Ω , and it will be always denoted by r . Moreover, we shall
denote by O the centre of an inball of Ω , and by t the distance, in M , to O .
We shall also recall that if Ω is convex in M , then ∂Ω is a topological embedded hypersurface, which
is smooth except for a set of zero measure.
In 1972, in the course of the study of some problems of geometric probability in H2, Santalo and
Yañez [12] proved the following result: Let {Ω(t)}t∈R+ be a family of compact h-convex domains in H2
which expands over the whole space. Then limt→∞ Area(Ω(t))Lenght(∂Ω(t)) = 1.
The above Santalo–Yañez Theorem is in hard contrast with the situation for convex domains in
euclidean space, where limt→∞ Area(Ω(t))Lenght(∂Ω(t)) = ∞. Santalo and Yañez conjectured that their result will
be still true for convex domains in H2. By showing a counterexample, Gallego and Reventos [8] have
proved, in 1985, that this conjecture is not true. This limit can take in the hyperbolic plane any value
between 0 and 1.
No attempt to solve the problem in general dimension was made until very recently, when Naveira and
Tarrio [11] gave a version of the Santalo–Yañez Theorem for n odd and families {Ω(t)}t∈R+ of h-convex
regular (with smooth boundary) domains which expand by parallels over whole space.
Here we shall prove a general version of the Santalo–Yañez Theorem for any family of h and λ-
convex domains e.o.w.s., and for any value of n in Hadamard manifolds. We shall even allow ∂Ω to be
non-smooth. Our approach will be completely different from that of Santalo, Yañez, Naveira and Tarrio.
In particular, we shall not use the isometric nor the Gauss–Bonnet formulae.
The results will be new even for Lobachevsky space.
2. Formulation of the theorems
In fact, in that paper we survey following results:
1) An upper bound for the difference maxd(O, ∂Ω)− r , where r is the inradius of Ω , O is the centre
of an inball of Ω , and maxd(O, ∂Ω)= sup{dist(O,P ); P ∈ ∂Ω}.
2) A lower bound for |〈N,∂t 〉|, where N is the unit vector normal to ∂Ω and ∂t is the gradient in
Hn+1(−1) of the function t (x)= dist(O,x).
3) Upper and lower bounds for the quotient volume(Ω)/volume(∂Ω).
4) Upper and lower bounds for Md(∂Ω)/volume(Ω), where Md(∂Ω) is the total dth mean curvature
of ∂Ω , which, when ∂Ω is C∞, can be defined as Md(∂Ω)=
∫
∂Ω
Hdν, where ν is the volume element
of ∂Ω and
(
n
d
)
Hd = Sd is the d-elementary symmetric function on the principal curvatures of ∂Ω .
In all cases, the estimates are sharp and they allow to obtain the asymptotic behaviour of all these
functions: maxd(O, ∂Ω)− r , |〈N,∂t 〉|, volume(Ω)/volume(∂Ω), and Md(∂Ω)/volume(Ω).
Theorem 1. Let M be a Hadamard manifold with sectional curvature K satisfying −k22 K  0.
(a) If Ω is a compact k2-convex domain, then
maxd(O, ∂Ω)− r  k2 ln (1+
√
τ )2
1+ τ < k2 ln 2,
where τ = tanh(k2r/2). Moreover this bound is sharp.
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(b) If {Ω(t)}t∈R+ is family of compact k2-convex domains expanding over the whole space, O(t) is the
center of an inball of Ω(t), and r(t) is the inradius of Ω(t), then
lim
t→∞
(
maxd
(
(O(t), ∂Ω(t)
))− r(t) k2 ln 2.
For Lobachevsky space it had been proved in [2], for general case in [3].
Theorem 2. Let M be a Hadamard manifold with sectional curvature K satisfying −k22 K  0.
(a1) If Ω is a compact λ-convex domain, λ < k2, then
|〈N,∂t〉|
{ λ
k2
if dist(O, ∂Ω) 1
k2
arctanh
(
λ
k2
)= d;
1
k2
√
λ2 cosh2 k2s − k22 sinh2 k2s if dist(O, ∂Ω) 1k2 arctanh
(
λ
k2
)
,
where s = d − r .
(a2) If Ω is a compact k2-convex domain. Then
|〈N,∂t〉|
√
1− e−2k2r .
(a3) If −k22 K −k21 and Ω is a compact h-convex domain, then
|〈N,∂t〉|
√
1− e−2k1r .
Proof (a1) was proved in [4] and [5], (a3) was proved in [4], and (a2) can be proved following
exactly the same arguments, of [5], but changing the comparison with an equidistant line of curvature
λ in H(−k22) by the comparison with a horocycle of H(−k22), and using the estimates for |〈N,∂t 〉| for
horocycle in [2] and [4].
Theorem 3. Let M be a (n+ 1)-dimensional Hadamard manifold with sectional curvature K such that
−k22 K −k21, k1, k2 > 0.
Then there are functions α(r), α1(r) of the inradius and β(R), β1(R) of the circumradius such that
α(r), α1(r)→ 1/(nk2) and β(R), β1(R)→ 1/(nk1) when r and R grow to infinity such that:
(a1) For compact λ-convex domain Ω in M with λ k2
α(r)
λ
k2
 vol(Ω)
vol(∂Ω)
 β(R).
(a2) For compact h-compact domain Ω in M
α1(r)
vol(Ω)
vol(∂Ω)
 β1(R).
For a family {Ω(t)}t∈R+ of compact convex domains expanding over the whole space as a consequence
there are true the following results:
(b1) For compact λ-convex sets {Ω(t)}t∈R+ , λ k2
λ
nk22
 lim inf
t→∞
vol(Ω(t))
vol(∂Ω(t))
 lim sup
t→∞
vol(Ω(t))
vol(∂Ω(t))
 1
nk1
.
A.A. Borisenko / Differential Geometry and its Applications 17 (2002) 111–121 115
(b2) For compact h-convex sets {Ω(t)}t∈R+ , λ k2
1
nk2
 lim inf
t→∞
vol(Ω(t))
vol(∂Ω(t))
 lim sup
t→∞
vol(Ω(t))
vol(∂Ω(t))
 1
nk1
.
(b3) For compact h-convex sets {Ω(t)}t∈R+ in Lobachevsky space Hn+1 of the sectional curvature −1
lim
t→∞
vol(Ω(t))
vol(∂Ω(t))
= 1
n
.
The cases (a1), (b1) had been proved in [5], the cases (a2), (b2) had been proved in [4] and (b3) had
been proved in [2]. It was proved in [9] that for each α ∈ [λ,1] there exists a sequence of λ-convex
polygons {Kn} expanding over the whole hyperbolic plane such that
lim
t→∞
area(Ω(t))
length(∂Ω(t))
= α
and if the sequence is formed by λ-convex sets with piecewise C2 boundary, then the lim sup and lim inf
of these ratios lie between λ and 1.
In order to state the next theorem in its full generality, we need to define Md(P ) for general (not
necessarily regular) compact and locally convex hypersurfaces. These hypersurfaces are the boundaries
∂Ω of convex domains Ω . We take the outer parallel hypersurface ∂Ωt at distance t from ∂Ω . This
is a C1,1 hypersurface, then it is C2 almost everywhere, and there are well defined principal curvatures
almost everywhere, then the functions Hd are also well defined almost everywhere, and the quantities
Md(∂Ωt)=
∫
∂Ωt
Hdµt have meaning. Then the total dth mean curvature of ∂Ω is defined by
Md(∂Ω)= lim
t→0
Md(∂Ωt).
Theorem 4. Let M be a Hadamard manifold with sectional curvature K satisfying −k22 K  0.
(a1) If Ω is a compact λ-convex domain, λ < k2. Then
λd  Md(∂Ω)
volume(∂Ω)



(
k2
λ
)d(
k2 coth(k2r)
)d if r  1
k2
arctanh
(
λ
k2
)
,(
k2√
λ2 cosh2 k2s − k22 sinh2 k2s
)d(
k2 coth(k2 r)
)d if r  1
k2
arctanh
(
λ
k2
)
.
(a2) If Ω is a compact k2-convex domain. Then
kd2 
Md(∂Ω)
volume(∂Ω)
 kd2
(
1+ τ
2
√
τ
)d(
(1+√τ )2
1+ τ
)d(
k2 coth(k2 r)
)d
,
where τ = tanh(k2r/2).
(a3) If −k22 K −k21 and Ω is a compact h-convex domain, then
kd1 
Md(∂Ω)
volume(∂Ω)

(√
1− e−2k1rk2 coth(k2r)
)d
.
(b) If {Ω(t)}t∈R+ is a family of convex domains expanding over the whole space, then
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(b1) with the hypothesis of (a1) on M and each Ω(t),
λd  lim inf
t→∞
Md(∂Ω(t))
volume(∂Ω(t))
 lim sup
t→∞
Md(∂Ω(t))
volume(∂Ω(t))

(
k2
λ
)d
kd2 ,
(b2) with the hypothesis of (a2) on M and each Ω(t),
lim
t→∞
Md(∂Ω(t))
volume(∂Ω(t))
= kd2 ,
(b3) with the hypothesis of (a3) on M and each Ω(t),
kd1  lim
t→∞
Md(∂Ω(t))
volume(∂Ω(t))
 lim
t→∞
Md(∂Ω(t))
volume(∂Ω(t))
 kd2 .
Theorem 4 had been proved in [3], for Lobachevsky space it had been proved in [2].
3. Proofs of theorems
In this section we want to find an estimation of the normal curvature in a point P of N , a hypersurface
of a riemannian manifold M . Consider N defined by the equation t = ρ(θ) of class C2, the distance to
a point O . N can be seen as the 0-level set of the function F = t − ρ. Remember that for a function f
in M the gradient, gradf , is the unique vector field in M such that 〈gradf, v〉 = df (v)= v(f ). ∇ will
denote always covariant derivative in M .
With respect to the point O we consider polar coordinates (t, θ1, . . . , θn). The arc element is given
by ds2 = dt2 + gij (t, θ) dθ i dθj . If we write n = gradF/‖gradF‖ for the normal unit vector to N and
ϕ for the angle between the radial direction and the unit normal we have that cosϕ = 〈n, ∂/∂t〉. Then
1/‖gradF‖ = cosϕ. Let f = t as a function on M . If Z ∈ TpN then Z(f )= 〈∂/∂t ,Z〉. It follows that
gradNρ is the orthogonal projection of ∂/∂t onto N and the vectors n, ∂/∂t and Y = gradN ρ/‖gradN ρ‖
belong to a 2-dimensional plane. Let denote by X the unit vector in this plane and orthogonal to ∂/∂t .
The normal curvature at P ∈N in the direction given by Y is
kn = 〈∇YY, n〉.
Lemma 1. If µn is the normal curvature in the direction of X of the sphere centered in O with radius ρ
and dϕ/ds the derivative of ϕ with respect the arc parameter of the integral curve of Y by P , then
(2)kn = µn cosϕ + dϕ
ds
.
Remark 4. This is a kind of Liouville formula. It must be noticed that when this formula is applied to
the boundary of a convex domain containing the point O , kn and µn are both negative.
Proof. We have that
n= cosϕ · ∂/∂t − sinϕ ·X,
Y = cosϕ ·X+ sinϕ · ∂/∂t .
A.A. Borisenko / Differential Geometry and its Applications 17 (2002) 111–121 117
Hence
kn = sinϕ〈∇∂/∂t Y, n〉 + cosϕ〈∇XY,n〉.
A straightforward calculation shows that the first term vanishes. Let us decompose the second term.
〈∇XY,n〉= cosϕ〈∇X cosϕX,∂/∂t〉 − sinϕ〈∇X cosϕX,X〉
+ cosϕ〈∇X sinϕ∂/∂t, ∂/∂t〉 − sinϕ〈∇X sinϕ∂/∂t,X〉.
But
〈∇X cosϕX,∂/∂t〉 = cosϕ〈∇XX, ∂/∂t〉 = µn cosϕ
with µn the normal curvature in the direction X of the n-dimensional sphere centered in O with radius
ρ.
〈∇X cosϕX,X〉 = −X(ϕ) sinϕ,
〈∇X sinϕ∂/∂t, ∂/∂t〉 = −X(ϕ) cosϕ,
and
〈∇X sinϕ∂/∂t,X〉 = −µn sinϕ.
Therefore we obtain
kn = µn cosϕ +X(ϕ) cosϕ.
Using that X = Y/ cosϕ + (tanϕ)∂/∂t we obtain
kn = µn cosϕ + Y (ϕ).
But differentiation in direction Y of ϕ is the derivative with respect the arc parameter of the integral curve
of Y by P . This finishes the proof.
A curve of constant curvature λ <−k2 in the Lobachevsky plane of constant curvature −k2 is called
λ-geodesic line.
Lemma 2. Let γ be (a1) a λ-geodesic line, (a2) horocycle in the Lobachevsky plane of constant curvature
−k2. Let O be a point in the convex side of γ . Let r be the distance between γ and O . For each point in
γ we define β as the angle between the radial field from O and the outwards normal field of γ .
(a1) [4]. If
r < d := 1
k
arctanh
λ
k
(
= log
√
k+ λ
k− λ
)
then
(3)cosβ  2
√
ρ(λ− kρ)(k − λρ)
k(1− ρ2)
where ρ = tanh 12kr . Alternatively, if r  d then
cosβ  λ
k
.
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(a2) [2,4].
(4)cosβ 
√
1− e−2kr .
Remark 5. Estimate (3) can be given in the following equivalent form
(5)cosβ  1
k
√
λ2 cosh2 ks − k2 sinh2 ks,
where s = d − r .
Proof of Theorem 2.
(a1) Let γ be an integral curve of the field Y = gradN ρ through a point P of the boundary. Following
γ in the direction that ρ decreases we arrive at a point Q (maybe at infinite time of the parameter). In
this point Y = 0, hence ϕ = 0. Let d(O,Q) = d( d(O,N)). If d ′ = d(O,P ) we can parametrize the
segment of γ between P and Q with the distance t ∈ (d, d ′] of O to the corresponding point in the
segment. If s is the arc parameter we have by Lemma 1
kn
(
γ (t)
)= cosϕ(γ (t))µn(γ (t))+ dϕ
dt
dt
ds
but
dt
ds
= Y‖Y‖(ρ)=
〈gradN ρ,gradN ρ〉
‖gradN ρ‖
= sinϕ.
As N is λ-convex and using the comparison formula (1) we have
(6)−λ−k2 coth(k2 · t) cosϕ + sinϕ dϕ
dt
.
Now consider in H2(−k22) an arbitrary λ-geodesic line γ¯ and a point Q in it. Consider an orthogonal
geodesic from Q to a point O at distance d from Q. In γ¯ consider a point P at distance d ′ = d(O,P )
from O . We have the same situation as before, but now in the hyperbolic plane of constant curvature
−k22 . If β is the angle between the normal to γ¯ in the direction of the ray vector from O and this ray
vector, we have the exact formula
(7)−λ=−k2 coth(k2 · t) cosβ + sinϕ dβ
dt
,
where t is again the distance from O to the corresponding point in γ¯ .
Suppose that γ (t) > β(t). As γ (d) = β(t) = 0 we must have γ ′ > β ′ at some point. From Eqs. (6)
and (7) we deduce
−k2 coth(k2 · t) cosβ + sinβ dβ
dt
−k2 coth(k2 · t) cosϕ + sinϕ dϕ
dt
>−k2 coth(k2 · t) cosβ + sinβ dβ
dt
which is a contradiction. Therefore we must have ϕ  β, hence cosϕ(t) cosβ(t) and the bound follows
from Lemma 2(a1).
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(a2) Now we substitute λ-geodesic line by a horocycle and use Lemma 2(a2).
(a3) Let ∆ be a triangle with two vertices P,Q ∈M and one vertex Z at infinity. Such a triangle gives
rise to the following data: l = d(P,Q), α =  (QP,QZ), β =  (PQ,PZ).
The lengths of the infinite sides are not defined. However we can measure their difference. We define
d = F(Q)− F(P ), where F is a Busemann function at Z. This difference is independent of the choice
of F .
Lemma 3 [10]. Let ∆ be a triangle as described above in Hadamard manifolds of sectional curvature
−k22 K −k21 . In the hyperbolic planes H2(−k21), H2(−k22) there exists unique triangles ∆k1 , ∆k2 (up
to isometries) with l = lk1 = lk2 and d = dk1 = dk2 .
For these triangles we have
αk2  α  αk1; βk2  β  βk1 .
Let Q be a point on the boundary ∂Ω of h-convex set on Hadamard manifold M of the curvature
−k22  K  −k21 , O is the centre of the inball OQ = l, d = d(O,dΩ) = r , Fn is locally supporting
horosphere at the point Q to boundary dΩ , Z is infinite point of the horosphere Fn, the normal to ∂Ω
at the point Q is tangent to the geodesic line. The cosϕ = 〈∂t ,N〉 = cosα, where α =  (QP,QZ).
To the triangle ∆ with vertices O , Q, Z we apply Lemma 3 and obtain the triangle ∆k1 with α  αk1 ,
cosα  cosαk1 . But from Lemma 2(a2) it follows that cosαk1 
√
1 − e2k1r .
For the proof of Theorem 3 we need
Lemma 4. Suppose that on the geodesic line γ : [0, s] →M of a manifold M there are no conjugate
points to γ (O) and at every point of γ all the sectional curvatures Kσ are bounded by
k2 Kσ  k1.
Then, for t < s
(8)Jk2(t)
Jk2(s)
 J (t)
J (s)
 Jk1(t)
Jk1(s)
,
where J (t) and Jk(t) denote the jacobians at the points corresponding to γ (t) by the exponential maps
of M and the space with constant curvature k, respectively.
(See for instance [7].)
Proof of Theorem 3. At all cases the proof is similar. We only use different evaluations for cosϕ =
〈∂t ,N〉. Let Ω is convex compact set in Hadamard manifold M
(9)volΩ
vol ∂Ω
=
∫
Sn
∫
0 J (t)t
n dt dσ∫
Sn
J (t (u))tn(u)
〈∂t ,N〉 dσ
,
where dσ is area element of the unit sphere in Euclidean space, t (u) is the length of the geodesic segment
from the centre insideball to the point ∂Ω in the direction u ∈ TOM , where O is the centre of polar
coordinates. Rewrite (9) in the following way
(10)volΩ
vol dΩ
=
∫
Sn
∫ t (u)
0
J (t)tn
J (t (u))tn(u)
J (t (u))tn(u) dt dσ∫
Sn
J (t (u))tn(u)
〈∂t ,N〉 dσ
.
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For space of constant curvature −k2 jacobian of the exponential map [7]
J−k2(t)=
(
1
k
sinh kt
)n
t−n.
From Lemma 4 and Theorem 2 we obtain the evaluation for the ratio of volumes [2,4,5].
We shall use the notation
coν(t)=
{
1
t
if ν = 0,
ν coth(νt) if ν > 0.
We shall denote by ϕ a positive function ϕ : R → R, and by r (respectively r(t)) the inradius of Ω
(respectively Ω(t)).
The proof for the regular case will be a consequence of Lemma 2 and the following one:
Lemma 5 [3]. Let M be a Hadamard manifold with −k22 K −k21 , k1  0, k2 > 0.
(a) If Ω is a compact convex domain with C∞ boundary ∂Ω and satisfying |〈N,∂t〉| ϕ(r), then
(
ϕ(r)2 cok1(R)
)d  Md(∂Ω)
volume(∂Ω)

(
1
ϕ(r)
cok2(r)
)d
.
(b) If {Ω(t)}t→∞ is a family of compact convex domains with C∞ boundary, expanding over the whole
space satisfying that, on each P ∈ ∂Ω(t), |〈N,∂t〉p| ϕ(r(P )), and limr→∞ ϕ(r)= β, then
(
β2 k1
)d  lim
t→∞
Md(∂Ω(t))
volume(∂Ω(t))
 lim
t→∞
Md(∂Ω(t))
volume(∂Ω(t))

(
1
β
k2
)d
,
if k1 = 0,
0 lim
t→∞
Md(∂Ω(t))
volume(∂Ω(t))
 lim
t→∞
Md(∂Ω(t))
volume(∂Ω(t))

(
1
β
k2
)d
,
if k1 = 0.
It is possible generalize all theorems for general nonregular convex hypersurfaces [2–5].
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